Abstract. We prove that there exist infinitely many rationals a, b and c with the property that a 2 − 1, b 2 − 1, c 2 − 1, ab − 1, ac − 1 and bc − 1 are all perfect squares. This provides a solution to a variant of the problem studied by Diophantus and Euler.
Introduction
Let q be a non-zero rational. A set {a 1 , a 2 , . . . , a m } of m non-zero rationals is called a rational D(q)-m-tuple if a i · a j + q is a perfect square for all 1 ≤ i < j ≤ m. Diophantus found the first rational D(1)-quadruple {1/16, 33/16, 17/4, 105/16}, while Euler found a rational D(1)-quintuple by extending the integer D(1)-quadruple {1, 3, 8, 120}, found by Fermat, with fifth rational number 777480/8288641 (see [3, 22] ). Recently, Stoll [26] proved that extension of Fermat's set to a rational D(1)-quintuple is unique. The first example of a rational D(1)-sextuple, the set {11/192, 35/192, 155/27, 512/27, 1235/48, 180873/16}, was found by Gibbs [18] , while Dujella, Kazalicki, Mikić and Szikszai [14] recently proved that there are infinitely many rational D(1)-sextuples (see also [13] ). It is not known whether there exist any rational D(1)-septuple. However, Gibbs [19] found examples of "almost" septuples, namely, rational D(1)-quintuples which can be extended to rational D(1)-sextuples on two different ways, so that only one condition is missing that these seven numbers form a rational D(1)-septuple (they form D(1)-septuples over corresponding quadratic fields). One such quintuple is {243/560, 1147/5040, 1100/63, 7820/567, 95/112} which can be extended to the sextuple with 38269/6480 or 196/45. For an overview of results on D(1)-m-tuples and its generalizations see [8] .
It is known that for every rational q there exist infinitely many rational D(q)-quadruples (see [5] ). In 2012, Dujella and Fuchs [11] proved that for infinitely many square-free integers q there are infinitely many rational D(q)-quintuples, by considering twists of the elliptic curve y 2 = x 3 + 86x 2 + 825x with positive rank. Apart of the case q = 1, the most studied case in the literature is q = −1. The case q = −1 is closely related to another old problem investigated by Diophantus and Euler, concerning the sets of integers or rationals with the property that the product of any two of its distinct elements plus their sum is a perfect square. We call a set {x 1 , x 2 , . . . , x m } an Eulerian m-tuple if x i x j + x i + x j is a perfect square for all 1 ≤ i < j ≤ m. The equality x i x j +x i +x j = (x i +1)(x j +1)−1 gives explicit connection between Eulerian m-tuples and D(−1)-m-tuples. It is known that there does not exist a D(−1)-quintuple in integers and that there are only finitely many such quadruples, and all of them have to contain the element 1 (see [9, 10] ). In particular, there does not exist an Eulerian quadruple in positive integers. On the other hand, there exist infinitely many rational D(−1)-quintuples, and hence infinitely many Eulerian quintuples in rationals (see [4, 6] ).
Note that in the definition of rational D(q)-m-tuples we excluded the requirement that the product of an element with itself plus q is a square. It is obvious that for q = 1 such condition cannot be satisfied in integers. But for rationals there is no obvious reason why the sets (called strong D(1)-m-tuples) which satisfy these stronger conditions would not exist. Dujella and Petričević [17] proved in 2008 that there exist infinitely many strong D(1)-triples, while no example of a strong D(1)-quadruple is known.
In this paper, we study the existence of strong Eulerian triples, i.e. sets of three rationals {x 1 , x 2 , x 3 } such that [23] found examples of rational Eulerian triples and quadruples which all elements are squares. However, in our situation there is an additional requirement that each element increased by 2 is also a square.
The main result of this paper, which will be proved in Section 2, is the following theorem.
Theorem 1. There exist infinitely many strong Eulerian triples.
This is a more precise formulation of our result. 
Constructions of infinite families of triples
Example 1. We start by searching experimentally for strong rational D(−1)-triples with elements with relatively small numerators and denominators (smaller than 2.5 · 10 7 ). We found seven examples with all elements different from 1: for a non-zero rational v.
The only remaining condition is that bc − 1 should be a perfect square. By inserting (1) and (2) in bc − 1 = ✷, we get
This curve is a quartic in v with a rational point [u, 4u 4 − 1]. Thus it can be in the standard way transformed into an elliptic curve:
There is a point
on (4), which comes from the point [u, −4u 4 + 1] on (3). For all non-zero rationals u, the point P is of infinite order on the specialized curve (4) over Q (by Mazur's theorem [24] , if suffices to check that mP = O for m ≤ 12). Now we consider multiples mP , m ≥ 2, of P on (4), transfer them back to the quartic (3), and compute the components b, c of the corresponding strong rational D(−1)-triple. Since the point P is of infinite order, for fixed u, i.e. fixed b, in that way we get infinitely many strong rational D(−1)-triples of the form {1, b, c}, thus proving Proposition 2 and Theorem 1.
The point P gives [u, −4u 4 + 1], and thus does not provide a triple, since in this case we get v = u and b = c. (the first triple already appeared in Example 1, while the second triple is outside of the range covered by Example 1). It is clear that further multiples 4P, 5P, . . . would provide more complicated formulas for triples. To get new relatively simple formulas for triples, we may try to find subfamilies of the elliptic curve (4) with rank ≥ 2. For that purpose, we may use the method explained e.g. in [15] .
We search for an additional point on the 2-isogenous curve By inserting w = 1, we get the triple {1, 50689/3600, 104776974625/104672955024} (this triple is outside of the range covered by Example 1).
The generic rank and generators of the families of elliptic curves
In Section 2 we used families of elliptic curves with rank ≥ 1 over Q(u), resp. rank ≥ 2 over Q(w), and known independent points of infinite order to construct families of strong rational D(−1)-triples. It is natural to ask what is the exact generic rank of these two families and whether the known points are in fact generators of the corresponding Mordell-Weil groups. The recent algorithm of Gusić and Tadić from [21] (see also [20, 26] for other variants of the algorithm, and [16, 12] for several applications of the algorithm) allows us to answers these questions.
First we prove that the elliptic curve given in (4) has rank one over Q(u) and the free generator is the point P = [−4(4u 4 + 1), 16u(4u 4 + 1)]. By the algorithm from [21] we have:
• The specialization at u 0 = 6 is injective by [21, Theorem 1.1].
• The coefficients of the specialized curve are [0, 61644, 0, 836402720, 0].
• By mwrank [2] , the specialized curve has rank equal to 1 and its free generator is the point G 1 = [−20740, 497760] • We have that the specialization of the point P at u 0 = 6 satisfies P (6) = G 1 . Now it is obvious that the elliptic curve has rank 1 and the point P is the free generator of the elliptic curve (4) over Q(u). Now we consider the elliptic curve obtained from (4) by the substitution u = (14 + w 2 )/(4w). After removing the denominators, we get the elliptic curve C over Q(w) given by the equation
We claim that C has rank equal to 2 over Q(w) and that the points with first coordinates
are its free generators. We again apply the algorithm from [21] :
• We use the specialization at w 0 = 6 which is injective by [21, Theorem 1.1].
• The specialized curve over Q is [0, 17558832, 0, 61973480694272, 0].
• By mwrank [2] , the rank of this specialized curve over Q is equal to 2 and its free generators are • We have that for the specialization of the points P, Q at w 0 = 6 it holds P (6) = G 1 + T , Q(6) = G 2 , where T is a torsion point on the specialized curve.
Thus we get that the elliptic curve C has rank 2 and that the points P and Q are free generators of C over Q(w).
Concluding remarks
Remark 1. We may ask how large can the rank be over Q of a specialization for u ∈ Q of the elliptic curve (4). Since for u = (14 + w 2 )/(4w) the rank over Q(w) is equal to 2, by Silverman's specialization theorem [25, Theorem 11.4] , we conclude that there are infinitely many rationals u for which the rank of (4) is ≥ 2. By using standard methods for searching for curves of relatively large rank in parametric families of elliptic curves (see e.g. [7] ), we are able to find curves with rank equal to 3 (e.g. for u = 2/5, u = 4), 4 (e.g. for u = 50/11, u = 12/65), 5 Remark 3. Let a = ±1 be a rational such that a 2 − 1 is a square, i.e. a = (t 2 + 1)/(2t) for a rational t = 0, ±1. It can be extended to infinitely many strong rational D(−1)-pairs. Indeed, as we have already mentioned, by following the construction in the case a = 1, we now get the condition α 4 + 2α 2 + 1 − a 2 = γ 2 . This quartic is birationally equivalent to the elliptic curve (6) Y 2 = (X + 2t 2 )(X 2 + t 6 − 2t 4 + t 2 ), for which we can show, by taking the specialization t 0 = 11 in [21, Theorem 1.3] , that it has the rank over Q(t) equal to 1, with the free generator R = [−t 2 +1, t 4 −1] (and by Mazur's theorem [24] , we find that R is of infinite order for all rationals t = 0, ±1). One explicit extension {a, b} is by b = (t 4 + 18t 2 + 1)/(8t(t 2 + 1)). We have noted that the elements of the known examples of strong rational D(−1)-triples that do not contain the number 1 induce the elliptic curves with relatively large rank. In particular, for a = 42601/11849 and a = 14353373/13130325 the rank is equal to 5. We have performed an additional search for strong rational D(−1)-triples that do not contain the number 1 by considering elliptic curves in the family (6) with the rank ≥ 3, and checking small linear combinations of their generators. In that way, we found one new example of the strong rational D(−1)-triple (corresponding to t = 17/481): {115825/8177, 408988121/327645760, 752442457/720825305}, which is outside of the range covered by Example 1.
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